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Abstract
The deflection angle of Kerr-MOG black holes for different values of the parameter in modified
gravity (MOG) is studied. To do so, we use the Gauss-Bonnet theorem, first studied by Gibbons
and Werner and then extended by Ono, Ishihara and Asada, who use a generalized optical metric
where the deflection of light for an observer and source at finite distance. By using this method, we
study the weak gravitational lensing by Kerr-MOG black hole. These studies show that deflection
angle significantly greater than that of Kerr with the increasing the parameter of MOG α, that
provides a possible difference in lensing experiments.
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I. INTRODUCTION
In 1783, having accepted Newtons corpuscular theory of light, which conjectured that
photons consist of ultra-tiny particles, geologist John Michell was the first person known
to propose the existence of dark stars, which are known today as black holes. Michell sent
a letter to the Philosophical Transactions of the Royal Society of London [1] in which he
reasoned that such ultra-tiny particles of light, when emitted by a star, are decelerated
by the stars gravitational acceleration, and thought that it might therefore be possible to
estimate the mass of the star based on the decreasing in their speeds. On the other hand,
a star’s gravitational attraction might be so strong that the escape velocity would exceed
the speed of light. Since the light could not escape from such a star, it would be dark
or invisible. Michell calculated that this would be the case of a star more than 500 times
the size of the Sun. Michell also claimed that astronomers could detect the dark stars by
analyzing star systems gravitationally behaving like binary stars, but where only one star
could be observed. Today, astronomers believe that stellar dark stars (black holes) do indeed
exist at the centers of many galaxies. Most of the stellar black hole candidates in our galaxy
(the Milky Way) are in the X-ray compact binary systems [2]. Michells idea went neglected
for more than a century, because it was believed that light could not be interfaced with
the gravity. However, in 1915, general relativity theory (GRT) of Einstein revealed that a
gravitational lens [a distribution of matter (such as a cluster of galaxies) between a distant
light source and an observer] can bend the light from the source as the light travels towards
the observer. This effect is known as gravitational lensing a prediction subsequently borne
out by experiment [3, 4] in 1919. The term black hole was coined by the quantum physicist
John Wheeler, who also gave wormholes their name and argued about the nature of reality
with Albert Einstein and Niels Bohr [5]. Since 1919, which is the year of the experimental
verification of the bending of light of GRT, numerous studies on the gravitational lensing
have been made not only for the black holes but also for the other astrophysical objects such
as wormholes, cosmic strings, global monopoles, neutron stars, etc. [7–20]. In 2008, Gibbons
and Werner (GW) came up with a new idea for of computing the deflection angle of light
[21]. GW posited that both source and receiver are in the asymptotic Minkowski region.
In the sequel, they applied the Gauss-Bonnet theorem (GBT) to a spatial domain, which is
defined by the optical metric. In 2012 Werner calculated the deflection angle of Kerr black
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hole using the optical geometry that has a surface with a Finsler-Randers type with GBT
and Nazım’s osculating Riemannian manifold [23]. Thus, one can evaluate the associated
deflection angle integral in an infinite domain bounded by the light ray with GBT [22–40].
On the other hand, without considering the asymptotic receiver and source, A. Ishihara et
al. [41, 42] extended GW’s method to obtain finite-distance corrections both in the small
and strong deflections. It is worth noting that strong deflection limit is for the light orbits
that may have the winding number larger than one [42]. But, the method of [41, 42] are
limited to the spherical symmetry. Very recently, T. Ono et al. [43, 44] have generalized the
technique of A. Ishihara et al. [41, 42, 45] to the axisymmetric spacetimes that may consist
of gravitomagnetic effects. By this way, they have explored the effects of the finite-distance
corrections in the deflection angle of light in the axisymmetric spacetime. In the setup of
[45], a photon orbit possesses a non-vanishing geodesic curvature, though the light ray in
the 4D spacetime obeys a null geodesic. In particular, they showed that the deflection angle
is coordinate-invariant in the framework of the Gauss-Bonnet theorem. As is well known,
Kerr solution [46] is one of the best solutions to the Einsteins field equations. Although it is
designed to model the astrophysical rotating black holes, recent theoretical and astrophysical
studies show that Kerr solution of GR should be modified [47–50]. Among the MOGs, the
scalar tensor vector gravity theory (STVGT) of Moffat [48] explains the rotation curves of
a galaxy and the dynamics of galactic clusters [51, 52]. The good site of the MOG is that
it does not need for the dark matter when making those explanations. The Kerr-MOG
black holes have gained more attention since the astrophysical black holes are believed to
be rotating [53–56]. This paper is organized as follows. In Sect. II we briefly introduce
the Kerr-MOG black hole. In Sect. III. we consider the Kerr-MOG metric and employ the
gravitational lensing formulation of T. Ono et al. to compute the gravitational deflection
angle of light. We draw our conclusions in Sec. IV.
II. KERR-MOG BLACK HOLE SPACETIME
In this section, we summarize the Kerr-MOG black hole, which is a stationary and ax-
isymmetric solution to the STVGT [48]. The spacetime metric of the Kerr-MOG black hole
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in Boyer-Lindquist coordinate is given by [50]
ds2 = −∆Σ
Ξ
dt2 +
Σ
∆
dr2 + Σdθ2 +
Ξ sin2 θ
Σ
(dφ− ωdt)2, (1)
where
ω =
a(2Mαr − β2)
Ξ
, ∆ = r2 − 2Mαr + a2 + β2, (2a)
Σ = r2 + a2 cos2 θ, Ξ = (r2 + a2)2 −∆a2 sin2 θ, (2b)
and
Mα = (1 + α)M, β
2 =
α
1 + α
M2α. (3)
Here, M is the mass of the Kerr-MOG black hole and a stands for the spin parameter. Mα
denotes the ADM mass and Jˆ = Mαa is angular momentum of the Kerr-MOG black hole.
Moreover, there is a deformation parameter α, defined with modified gravitational constant
by G = GN(1 + α) [50]. The gravitational charge of the MOG vector field is as follows [50]
K =
√
αGNM. (4)
The horizons (inner and outer) (at ∆ = 0) are given by
r± = Mα ±
√
M2α − (a2 + β2). (5)
Note that there is an extremal limit for a2 + β2 = M2α.
III. DEFLECTION ANGLE OF LIGHT BY A KERR-MOG BLACK HOLE
In this section, by using the GBT, we shall study the deflection angle for the Kerr-MOG
black hole. To this end, we consider non-asymptotic receiver and source. For this purpose,
we first impose the null condition (ds2 = 0) and derive the optical metric [43] in the following
form:
dt =
√
γijdxidxj + βidx
i, (6)
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in which γij (i, j = 1, 2, 3). For the Kerr-MOG black hole, in the equatorial plane
(θ = pi/2), we have
γijdx
idxj =
(
∆Σ
Ξ
− ω
2Ξ
Σ
)
dr2 +
Σ
∆
dφ2, (7)
and
βidx
i =− ωdφ. (8)
Then, one can define the deflection angle with the new angles of receiver ΨR, source ΨS,
and coordinate φRS as :
αˆ ≡ ΨR −ΨS + φRS. (9)
In this approach, we locate the positions of the receiver and source to specific locations.
Namely, we require that the endpoints (the receiver and source) of the photon orbit are in
Euclidean space, for which angles can be easily defined. Thus, the GBT reduces to [43]
αˆ = −
∫∫
∞
R ∞S
KdS +
∫ R
S
κgd`, (10)
where ∞R∞S stands for a quadrilateral embedded, κg is the geodesic curvature and d`
stands for an arc length. κg is obtained via [45]
κg = −
√
1
γγθθ
βφ,r. (11)
For the Kerr-MOG black hole, it becomes
κg =− 2a(1 + α)M
r3
. (12)
Thus, the net contribution [from the source (S) to the receiver (R)] of the geodesic part
to the deflection angle α is found to be
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∫ R
S
κgd` =
∫ S
R
2a(1 + α)M
r3
d` (13)
=
4a(1 + α)M
b2
. (14)
To evaluate the first integral in Eq. (10), we use the Gaussian optical curvature in the
weak field approximation:
K =
Rrφrφ
det γ
(15)
=
1√
det γ
[
∂
∂φ
(√
det γ
γrr
Γφrr
)
− ∂
∂r
(√
det γ
γrr
Γφrφ
)]
(16)
=− 2Mα
r3
− 3(2Mα − r)β
2
r5
+O(Mα). (17)
Using the orbital equation and the method prescribed in [43], we obtain the boundary of
the integration domain with an impact parameter b. Thus, we get
sin Ψ =
√
β2 + r2b
r2
− β
2a
r4
√
β2 + r2
− bMα
r
√
β2 + r2
, (18)
and in the weak-approximation and slow rotating limits:
u =
sinφ
b
+
Mα(1 + cos
2 φ)
b2
− 2aMα
b3
. (19)
Then, we evaluate the Gaussian curvature integral for the Kerr-MOG black hole in the
limit of rR →∞ and rS →∞:
6
−
∫∫
∞
R ∞S
KdS =
∫ pi
0
∫ sinφ
b
+
Mα(1+cos
2 φ)
b2
− 2aMα
b3
∞[
−2gMα
r3
− 3(2Mα − r)β
2
r5
+O(Mα)
]
drdφ
=
4M(1 + α)
b
+O(M). (20)
After combining the contributions from Gaussian optical curvature and geodesic curvature
parts, the total deflection angle is obtained as follows:
αˆ =
4M(1 + α)
b
± 4a(1 + α)M
b2
(21)
where the positive sign stands for the retrograde and the negative sign is for prograde case
of the photon orbit. For the case of α = 0, it reduces to Kerr case, and for the case of a = 0
[50] it corresponds to the deflection angle of the Schwarzschild black hole in MOG: see Fig.
1, which is the recovery of [57].
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FIG. 1. The deflection angles by Kerr black hole, and Kerr-MOG black hole are plotted as a
function of the b for charge M = a = 1 and four different values of α = 0.1, α = 0.3, α = 0.6, and
α = 0.9.
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IV. CONCLUSION
In the weak field approximation, we have studied the gravitational lensing of the Kerr-
MOG black hole. To this end, we have used the GBT and the extended method by Ono,
Ishihara and Asada instead of Werner’s method (osculating Riemannian approach using
Finsler-Randers metric) to calculate the deflection angle at the leading order of the weak
field approximation, where the receiver and source are located at the null infinity. We have
shown that the deflection angle of the Kerr-MOG black hole is significantly greater than the
original Kerr black hole. The MOG parameter α must be taken into consideration in the
future gravitational lensing experiments.
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